Multielectron ionization and Coulomb explosion of methane clusters (CA 4 ) n , A ) H, D, and T, in very intense (I ) 10 18 -10 19 W cm -2
I. Introduction
The search for nuclear fusion driven by cluster dynamics stems from the 1989 Brookhaven experiments 1,2 on high-energy deuterated cluster-wall collisions, which, unfortunately, did not provide information on cluster impact fusion. Compelling experimental and theoretical evidence for nuclear fusion reactions driven by Coulomb explosion (NFDCE) of an assembly of deuterium-containing molecular clusters was recently advanced. [3] [4] [5] [6] The irradiation of molecular clusters by ultrashort (tens of femtoseconds) and ultraintense (I ) 10 15 -10 19 W cm -2 ) laser pulses results in Coulomb explosion of these clusters and in the formation of high-energy atomic ions. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] Zweiback et al. 3, 4 demonstrated that the Coulomb explosion of large deuterium clusters (cluster radii R ≈ 10-50 Å) provides deuterons that are capable of performing the dd fusion reactions 19 The perspectives of the fusion reaction 1a for the production of time-resolved (100 ps-10 ns) neutron pulses are of considerable interest. 4 When the clusters contain a mixture of deuterium and tritium atoms, the NFDCE can also result in the dt fusion reaction 19 We proposed and demonstrated 5, 6 that an effective way to produce energetic deuterons and tritons for the NFDCE is provided by Coulomb explosion of molecular heteronuclear clusters (A l B k ) n , where the light one-electron A atoms (A ) D or T) are bound to heavy multielectron B atoms. Our simulations of the NFDCE of heteronuclear water clusters (D 2 O) n and (T 2 O) n 5,6 demonstrated that the highly charged O 6+ ions provide a trigger for driving the light D + and T + ions to a considerably higher kinetic energy than is obtained in homonuclear D n and T n clusters of the same size. For example, the maximum kinetic energy, E M , of deuterons produced by Coulomb explosion of a homonuclear D 3367 cluster with radius R 0 ) 25. 4 Å is E M ) 1.9 keV, whereas the heteronuclear cluster (D 2 O) 2172 with almost the same radius R 0 ) 25 Å provides deuterons with E M ) 10.8 keV. 6 On the experimental front, Coulomb explosion of molecular heteronuclear clusters with deuterium was experimentally studied for ammonia clusters (ND 3 ) n . 7 Coulomb explosion of heteronuclear clusters with hydrogen atoms was studied, in particular for methyl iodine clusters 13 and hydrocarbons. 15 However, the possibility of nuclear reactions was not considered for these interesting systems. A heteronuclear system providing deuterons for nuclear fusion from an aerogel with absorbed deuterium was recently suggested. 20 In this paper, we consider the NFDCE of heteronuclear methane (CA 4 ) n , A ) H, D, and T, clusters. The methane clusters, in analogy with the water clusters previously studied by us, 5, 6 are expected to provide energetic nuclei of the light A atoms that are driven to high energies by the multicharged C k+ ions. Also the multicharged C k+ ions become highly energetic particles. In the case of full ionization (k ) 6), the carbon nuclei can contribute to nuclear reactions. Despite intrinsic interest in the reactions of C 6+ nuclei for astrophysical applications, 21, 22 the cross sections of such reactions are very low. 23 We present a calculation of the reaction yields for the d + d and d + t NFDCE of methane clusters. The energy spectrum of the reagent nuclei is determined here, as in our previous studies, 5, 6 by the simulation of the ionization and Coulomb explosion processes in these clusters. We hope that these calculations will be subjected to experimental scrutiny. † Part of the special issue "R. Stephen Berry Festschrift". * To whom correspondence should be addressed.
II. Methodology of the Simulations
In the present work, the simulations of cluster multielectron ionization and Coulomb explosion were performed for a Gaussian-shaped laser pulse with a temporal half-full width at a half-maximum of 25 fs. The field frequency is ν ) 0.35 fs -1 , corresponding to a photon energy of 1.44 eV. Taking into account that the radii of the clusters considered by us are considerably smaller than the penetration depth of the laser radiation, 24 we assume that the light intensity is independent of the spatial coordinates.
Prior to the switching on of the laser field, the cluster is initially composed of neutral molecules. After the laser field is switched on, the process of cluster inner ionization starts, resulting in the removal of bound electrons from their host atoms and the transformation of neutral atoms into charged ions. The unbound electrons generated by the inner ionization form a plasma within the cluster that is initially neutral. The laser field can remove these electrons from the cluster to infinity, resulting in the subsequent process of outer ionization. Concurrently, outer ionization is accompanied and followed by Coulomb explosion. In the dynamic simulation of cluster ionization, the bound electrons are not explicitly treated, and the inner ionization is described as the generation of unbound electrons. [25] [26] [27] The methodology of the present simulations of cluster ionization and Coulomb explosion is identical to our previous studies. 5, 6, 28 It is based on the sudden inner cluster ionization (SICI) approximation. The SICI approximation implies that, at the starting point for the outer cluster ionization and at the temporal onset of Coulomb explosion (t ) 0), all of the relevant electrons are already removed from their host atoms and become unbound electrons. It is also assumed that, at t ) 0, the unbound electrons are motionless and located in the proximity of their host atoms. Such an approach significantly simplifies the simulation by excluding from it the initial stage of the inner ionization process. 28 Detailed numerical studies 6,26 have established that the time scale of the inner ionization of large Xe n , (D 2 ) n , and (D 2 O) n clusters (n ) 50-4000) in a laser field of I ) 10 16 -10 18 W cm -2 (and frequency of 0.35 fs -1 ) is in the range of 1-2 fs. This time scale is sufficiently short to warrant the validity of the SICI approximation. The unbound electrons and the ions are considered as classical particles. 25, 26, 28 The unbound electrons can be treated classically when their de Broglie wavelength λ is considerably smaller than the internuclear spacing d. According to our previous simulations, 6 the average kinetic energy of the electrons increases strongly with the laser intensity I and represents E e > 150 eV at a laser intensity of I ) 5 × 10 15 W cm -2 . Such an energy corresponds to the wavelength λ ≈ 1 Å, which is much smaller than the C-C distance d ) 4.4 Å in methane clusters. Accordingly, we expect that, for I > 5 × 10 15 W cm -2 , the quantum effects of the electron motion are not of considerable importance, so that the classical approach can be accepted. The classical simulations of the molecular dynamics of the unbound electrons are performed on the femtosecond time scale (10 -15 -10 -13 s), using attosecond (10 -18 s) time steps.
In the present work, outer ionization and Coulomb explosion simulations were performed for methane clusters (CA 4 ) n , with an emphasis on the deuterium containing, A ) D, clusters. The clusters are subjected to laser irradiation in the intensity range I ) 10 18 -10 19 W cm -2 . The clusters are described as being made up of uniformly distributed CD 4 molecules with a C-D distance of 1.09 Å. The density of the (CD 4 ) n clusters is taken to be equal to the density of liquid methane, 29 e.g., F ) 0.016 Å -3 per molecule. The results are not expected to be sensitive to the simplifications used here for the structure of the clusters. We treat the (CD 4 ) n clusters with the number of molecules n ) 201, 459, 1061, 2171, 3463, and 5425 and the corresponding radii R 0 ) 14.1, 18.9, 25.2, 31.8, 37.0, and 42.9 Å. The products of Coulomb explosion of these clusters are D + ions (deuterons) and carbon ions C k+ . To study the isotope effects on Coulomb explosion, simulations of hydrogen-(CH 4 ) n and tritium-containing (CT 4 ) n clusters were also performed for n ) 2171 clusters.
Within the framework of the SICI approximation, one needs to determine the level of carbon atom ionization. In molecular clusters, the barrier suppression mechanism 30 for atomic multielectron ionization dominates over the collisional ionization mechanism, so that the ionization level of the C k+ ions depends on the ionization field strength F ion 26, 30 where B ) 14.385 eV/Å and I k is the ionization potential (in electronvolts) of the k-fold charged ion. According to eq 3, the field strength is eF ion > 3.2 eV/Å for the light A (H, D, T) atoms (I 0 ) 13.6 eV), and eF ion > 2.2, 5.2, 13.3, 18, 535, 690 eV/Å for k ) 0-5 for the C atom (I k ) 11.3, 24.4, 47.9, 64.5, 392, and 488 eV for k ) 0-5, respectively 31 ). At the pulse peak for I ) 10 18 -10 19 W cm -2 considered herein, the field strength amplitudes (eF 0 ) 2.745 × 10 -7 I 1/2 eV/Å, with I in W cm -2 ) are in the range eF 0 ) 274-868 eV/Å. The ionization processes in our simulations start when the laser intensity I is four times lower than at the pulse peak. Consequently, at the beginning of the ionization processes (t ) 0), the field strength range is eF 0 ) 137-434 eV/Å. Such a field strength is sufficiently strong to ionize the light A (H, D, T) atoms and to remove the valence electrons from the C atom. The removal of the first 1s electron from C 4+ occurs at field strengths of eF ion > 535 eV/Å, which are considerable larger than the field strength of the laser intensity of I ) 10 18 W cm -2 (eF 0 ) 274 eV/Å). Accordingly, at I ) 10 18 W cm -2 , the inner electrons are intact, whereas all valence electrons are removed so that the carbon atoms become C 4+ ions. The C 4+ ions provide a trigger for driving the light D + ions (deuterons d) to high kinetic energies. At even higher laser intensities, corresponding to field strengths of eF ion > 690 eV/Å, C atoms are deprived of all of their inner electrons and become carbon nuclei C 6+ . This criterion is fulfilled at the peak field strength (eF 0 ) 868 eV/ Å) of the laser intensity I ) 10 19 W cm -2 . However, at the beginning of the pulse (t ) 0), when the field strength is 434 eV/Å, which is about one-half of the pulse peak, the laser field can remove only the first 1s electron but not the second one. Taking into account the Gaussian shape of the pulse, we found that the laser field exceeds the minimum of 535 eV/Å required to remove the second 1s electron at t ) 5 fs, which is a short time compared to the pulse width of 25 fs. This time might become even shorter as a result of the ignition mechanism, which enhances the inner ionization. 32 From these considerations we infer that, in the framework of the SICI approximation, a methane cluster can be considered at I ) 10 18 W cm -2 as a (C 4+ D 4 + ) n ionic frame, which initially yields N e ) 8n unbound electrons. Considering the pulse intensity of I ) 10 19 W cm -2 , we ignore the short delay (of ∼5 fs) in the ionization of the last carbon electron and consider a cluster as a (C 6+ D 4 + ) n ionic frame with N e ) 10n initially unbound electrons.
III. Isotope Effects
The description of the Coulomb explosion of clusters is simplified in the case of vertical ionization, which involves a
separation of the time scales between the removal of all unbound electrons from the cluster (outer ionization) and the cluster spatial expansion. This picture provides a semiquantitative description of the energetics and the time scales for Coulomb explosion. 33 For a homonuclear cluster with an identical charge q on each atom and a uniform atomic density F, the final kinetic energy of an ion is equal to its initial potential energy in the charged cluster 6
where R is the initial distance of the ion from the cluster center and R 0 is the neutral cluster radius. The kinetic energy E M has a maximum value for ions initially located at the cluster surface at R ) R 0 , which is given by 3, 5, 6 The energy distribution P(E) inferred from eq 4 is 6 and
The energy distribution in eqs 6 and 6′ provides the average energy Using the relation for the number n of atomic constituents, n ) (4π/3)FR 0 3 , we obtain E av ∝ n 2/3 . The dependence of E av on the number of particles is This result is in accord with the expression for the Coulomb energy within the liquid drop model of nuclear and cluster matter. 34 The E M and E av energies for homonuclear clusters are proportional to R 0 2 (or n 2/3 ), do not depend on the laser intensity I, and exhibit a minor isotope effect due to the cluster density F. According to the simulations performed for D n and T n clusters, the simple dependence of E M on F, q 2 , and R 0 2 expressed by eq 5 is well satisfied in the limit of the vertical ionization conditions. 5, 6 The energy of ions increases with their charge as q 2 , so that multielectron atoms (e.g., Xe atoms) with q . 1 can provide very high energies of about 1 MeV. 8, 11 Deviations from eqs 5 and 7 are manifested with E M and E av becoming smaller than predicted from these relations when the laser intensity I decreases below some "critical" value I cr (R 0 ), 5 which is insufficient to induce the effective vertical ionization, e.g., I < 2 × 10 16 W cm -2 for D 8007 (R 0 ) 34 Å). 6 A small positive deviation from the relation E M ∝ R 0 2 (eq 5) was also detected at very strong laser intensities I > 10 18 W cm -2 because of the direct acceleration of ions by the outer field. 6 In the case of heteronuclear clusters, the final kinetic energies of the ions are determined both by energetic effects and by kinematic effects. Consider first the energetic effect. If one assumes that the velocity of all ions located at distance R from the cluster center is the same, regardless of their mass and charge, then we obtain, in analogy with the homonuclear cluster (eqs 5 and 7), the energetic contributions to the maximum and the average energies 6 with F being the molecular density and q being equal to q A or q B for light and heavy ions, respectively; in the case of methane clusters, k ) 1, l ) 4, q A ) 1, and q B ) 4 or 6. Methane clusters (F ) 0.016 Å -3 per molecule) provide, according to eqs 9 and 10, the light-ion energy that is 2.56 times (for q B ) 4) or 3.2 times (for q B ) 6) larger than the light-ion energy provided by homonuclear (D) n clusters (F ) 0.05 Å -3 per atom) with the same R 0 (see eqs 5 and 7). Next, we consider the kinematic effects. These effects modify eqs 9 and 10 when the light (A) and heavy (B) ions initially located at the same R exhibit different accelerations. The relation between the acceleration of the light (A) and the heavy (B) ions is determined by the kinematic parameter η (ref 5) For η > 1, the light ions attain a higher acceleration than the heavy ions located initially at the same distance R. Higher acceleration leads to a higher velocity so that the light ions can overrun the heavy ions, thus attaining stronger repulsion and consequently larger kinetic energy. The reverse situation happens for η < 1. The kinematic parameters for carbon ions (B ) C, m B ) 12) and for A ) H, D, and T are presented in Table 1 . The kinematic parameters for the light A atoms decrease with increasing the atom mass m A . It follows that, in the sequence of (CH 4 ) n , (CD 4 ) n , and (CT 4 ) n clusters, the energy of the light ions is expected to decrease, while the energy of the C k+ ions (k ) 4, 6) is expected to increase with increasing the mass of A + . This isotope effect is well manifested by the simulation data in Figure 1 for the average energy (E av ) of H + , D + , T + , C 4+ , and C 6+ resulting from Coulomb explosions of (C 4+ D 4 + ) 2171 produced at I ) 10 18 W cm -2 and of (C 6+ D 4 + ) 2171 produced at I ) 10 19 W cm -2 (A ) H, D, T). Thus, E av of tritons produced from the charged (C k+ D 4 + ) n clusters is less by about 30% than E av of the protons produced from the charged (C k+ H 4 + ) n clusters for I ) 10 18 W cm -2 (when the light ions are driven by C 4+ ), and by almost 100% for I ) 10 19 W cm -2 (when the light ions are driven by C 6+ ) (Figure 1a ). The energy E av of the carbon ions produced by the charged (C k+ T 4 + ) n clusters is larger by about 50% than that produced by the charged (C k+ H 4 + ) n clusters ( Figure 1b) . The dependence of the maximum energy E M on the kinematic parameter η is manifested in a less distinct way. The maximum energies of light ions driven by either C 4+ or C 6+ are almost identical for all three isotopes (Figure 1a) . The difference between the isotope effects on E av and E M can be traced to the kinematic effects on the ion energy distribution (see above). 
When the kinematic parameter is η ) 1, the light and the heavy ions are expected to move with the same velocity, ensuring the validity of eqs 9 and 10. The E av and E M values of eqs 9 and 10 are marked on Figure 1 for the corresponding m A values (m A ) 3 for I ) 10 18 W cm -2 and m A ) 2 for I ) 10 19 W cm -2 ). The E av values for η ) 1 obtained from eq 10 practically coincide with the simulation results. As for the maximum energy E M , such a coincidence occurs in one case only, namely, C 4+ , I ) 10 18 W cm -2 ( Figure 1b) . In all other cases, the E M values of eq 9 for η ) 1 are lower than the simulation values. There are two reasons for the relatively large differences between the theoretical and simulation values of E M . First, the maximum energy E M is much more sensitive to kinematic effects than the average energy E av . Second, the direct acceleration of ions by the laser field mentioned above contributes to E M . 6 Its contribution to E av is expected to be rather small as a result of the averaging over the ions moving along the field direction and opposite to the field direction.
The energy distribution P(E) of the light A + ions (nuclei) for the Coulomb explosion of (C 4+ A 4 + ) 2171 clusters (I ) 10 18 W cm -2 ) is shown in Figure 2a . In the case of H + and D + ions, when the kinematic parameter η is larger than unity (Table 1) , the energy spectrum exhibits a large maximum located close to the maximum energy E M . This manifestation of the kinematic effect implies that the energy of most of the product protons or deuterons lies in a relatively narrow high-energy interval. This physical situation was previously observed for D + ions from the Coulomb explosion of (D 2 + O 6+ ) n clusters. 6 The peaked highenergy distribution for D + facilitates the NFDCE. 6 The energy distribution is qualitatively different for Coulomb explosion of (C 4+ T 4 + ) 2171 clusters whose kinematic parameter is η ) 1. In this case, P(E) increases smoothly with E up to an E value close to E M . Such behavior is typical for homonuclear clusters under conditions of vertical ionization when the energy distribution P(E) is proportional to the square root of E, according to eq 6.
The influence of the mass of the light atoms on the energy distribution of the carbon ions is demonstrated in Figure 2b for (C 6+ A 4 + ) 2171 clusters subjected to I ) 10 19 W cm -2 irradiation. The product C 6+ ions (carbon nuclei) for A ) H and D (η e 1, see Table 1 ) exhibit a broad energy distribution, which somewhat resembles the P(E) curve of the homonuclear clusters. In the case of A ) T (η > 1), the energy distribution does not considerably differ from the distributions for A ) H and D, except for the more pronounced maximum at the high-energy end of the energy spectrum. 
IV. Energetics of Coulomb Explosion
The ability of product deuterons to contribute to nuclear fusion is determined by their kinetic energy. As stated above, this energy increases proportionally to the square of the cluster radius, R 0 2 , provided that vertical ionization conditions are satisfied. The violation of vertical ionization conditions leads first to the slowing of the energy increase 5, 6 and finally to the decrease of the energy with increasing R 0 . 35, 36 The results of the simulations presented in Figure 3 show that, in the limit of the (CD 4 ) n cluster sizes considered herein (R 0 e 43 Å), the energies of the D + , C 4+ , and C 6+ ions for a fixed laser intensity are well represented by the proportionality to R 0 2 (eqs 9 and 10), which indicates the validity of the vertical ionization picture. The average energies E av are close to those of eq 10 for I ) 10 19 W cm -2 when C 6+ ions are formed and the kinematic parameter is η ) 1. In the case of I ) 10 18 W cm -2 , when C 4+ ions are formed, eq 10 underestimates the deuteron energy (η > 1) and overestimates the carbon ion energy (η < 1) due to the kinematic effects, which were discussed in section III.
The average energy E av of the deuterons (Figure 3a ) is only about 9% higher for I ) 10 19 W cm -2 (carbon ions C 6+ ) than for I ) 10 18 W cm -2 (carbon ions C 4+ ). Taking into account the difference in the C-ion charges, the difference in the energies E av (according to eq 10) is expected to be considerably larger, i.e., by 25%. The small difference between the two E av values in Figure 3a can be explained by the kinematic effects in the (C 4+ D 4 + ) n cluster with η > 1, which contributes to the augmentation of the deuterons' energy. The situation is the reverse for carbon ions (Figure 3b) , where the kinematic effects increase the difference between the E av values of C 4+ at I ) 10 18 W cm -2 and of C 6+ at 10 19 W cm -2 .
The maximum size of methane clusters (R 0 ) 42.9 Å, number of deuterons n D ) 21 700) subjected herein to the I ) 10 18 W cm -2 laser intensity provides deuterons with E av ) 10.1 keV and E M ) 15.1 keV. A deuterium cluster with the same size (R 0 ) 43 Å, n D ≈ 16530) subjected to the same laser field provides deuterons whose energies are about three times smaller, i.e., E av ) 3.43 keV and E M ) 5.6 keV ( Figure 3a) . As expected, the energy of the carbon ions is much higher than the energy of the deuterons. For example, the maximum-size methane cluster (R 0 ) 42.9 Å) provides C 4+ ions (I ) 10 18 W cm -2 ) with energies E av ) 25 keV and E M ) 65 keV and C 6+ nuclei (I ) 10 19 W cm -2 ) with energies as large as E av ) 65.2 keV and E M ) 112 keV.
The kinetic energy distribution P(E) of the product ions is portrayed in Figure 4 for the maximum cluster size of (CD 4 ) 5425 . The energy distribution of the deuterons (Figure 4a ) for I ) 10 18 W cm -2 [Coulomb explosion of (C 4+ D 4 + ) 5425 ] exhibits a high maximum located close to the maximum energy E M , like in Figure 2a . As noted before, such energy distribution patterns are typical for the kinematic parameter η > 1 (Table 1) . In contrast, a broad energy distribution of deuterons is exhibited for I ) 10 19 W cm -2 [Coulomb explosion of (C 6+ D 4 + ) 5425 ] when the kinematic parameter is η ) 1. Similar distributions characterize the C 6+ and C 4+ ions (Figure 4b ) whose kinematic parameters are η ) 1 and η ) 0.67 for I ) 10 19 W cm -2 (C 6+ ) and for 10 18 W cm -2 (C 4+ ), respectively ( Table 1 ).
The energy distributions for Coulomb explosion of methane clusters are compared in Figure 4 with the thermal distributions for the same average energies E av . The energy distributions for Coulomb explosion exhibit a significantly larger fraction of highenergy particles than expected for the thermal distribution. However, the distributions obtained for Coulomb explosion lack the high-energy tail manifested for the thermal distribution (Figure 4) , which is of considerable importance for thermonuclear reactions. 37
V. Nuclear Fusion
In NFDCE experiments, the fusion reaction takes place when the energetic light nuclei (e.g., the deuterons) produced from different clusters collide with each other. [3] [4] [5] [6] Under the conditions of the Lawrence Livermore experiment 3, 4 and according to our previous analysis, 6 dd collisions occur some 70 fs after the onset of Coulomb explosion. 6 At t > 70 fs, the reaction volume can be described as a homogeneous gas of uniformly distributed nuclei and with randomly oriented velocities. The fusion rate in such a gas is where F r is the deuteron density inside the reaction volume V r , 
R )
V is the relative velocity of the colliding nuclei, σ is the fusion cross section, 23 and the brackets mean the average over the energy distribution of the colliding nuclei. 38 Averaging over the colliding particle energies E 1 and E 2 in the laboratory frame and over the collision angle R, one obtains with the energy distribution P normalized to unity. The collision energy E, which is required for the calculation of the fusion cross section, is
The fusion reaction cross section σ(E) is usually expressed by the equation 23, 39, 40 where A is a constant but the parameter S depends, generally speaking, on E. Because this energy dependence is weak, in the absence of resonances, the parameter S can be considered as a constant. 19, 40 The following units are used in eq 15: E in keV, S in keV cm 2 , and A in keV 1/2 . Substituting eq 15 with a constant value of S into eq 13 and replacing E 1 and E 2 by the dimensionless variables x 1 ) E 1 /E av and x 2 ) E 2 /E av , one obtains where m is expressed in amu and the units' transformation coefficient is ) 4.395 × 10 7 erg 1/2 g -1/2 keV -1/2 . X is a dimensionless parameter and G(X) is a reduced function that is determined only by the energy distribution function with We note in passing that the dimensionless parameter X of eq 17 is expressed by the average energy E av , whereas the corresponding parameter of ref 6 (denoted there by T M ) is expressed by the maximum energy E M . Thus, the G functions of the present work and of ref 6 are different.
In the simplest case of monoenergetic particles (energy distribution P represented by a δ function) , the G function becomes When the parameter X is large, X . 1, only R angles close to π/2 contribute to the integral of eq 20, which results in the analytical expression Equation 21 can be used at X > 5 with an error of 20% for X ) 6 and of 5% for X ) 10. At X > 15, the error becomes less than 2%.
The energy distribution of the product ions of Coulomb explosion (Figures 2 and 4) is characterized by the presence of the clear-cut maximum energy E M and the tendency of P(E) to increase with E up to the vicinity of E M . As the low-energy particles do not contribute significantly to the fusion reaction it is possible to describe the energy distribution P(E) by a Gaussian, which roughly fits the high energy part of the P(E) function. 6 It is convenient to represent such an energy distribution by where γ stands for the fraction of ions whose energy lies inside the Gaussian [P(E) in eq 22 is normalized to γ], E c ) E av is the Gaussian center, and θE av is the Gaussian width. The G(X) function for the arbitrary Gaussian of eq 22 is readily expressed in terms of the G function for the standard Gaussian with γ ) ) 1 by the scaling relation where The results of the numerical integration of G(X) (eq 18) for the standard Gaussian with γ ) ) 1 are presented in Figure 5 for a few values of θ including the monoenergy (θ ) 0) case of eq 20. The G(X) function for the thermal distribution is also presented in Figure 5 . Using the G(X) values of Figure 5 and the scaling relation in eq 23, it is possible to calculate the G function for any Gaussian energy distribution (eq 22), and consequently to determine by eq 16 the 〈σV〉 value for any fusion reaction whose cross section is represented by eq 15. The dependence of 〈σV〉 on the average energy E av is shown in Figure  6 for the monoenergetic case, for the standard Gaussian distribution (γ ) ) 1) with θ ) 0.8, and for the thermal distribution. Figure 6 presents 〈σV〉 of the dd reaction, eq 1 (A ) 45 keV 1/2 and S ) 1.8 × 10 -22 keV cm 2 ), and of the dt 
reaction, eq 2 (A ) 44 keV 1/2 and S ) 3.4 × 10 -20 keVcm 2 ).
The results for the dt reaction are approximate, as they were obtained by applying the expressions for identical particles to the collision of different particles. However, taking into account the closeness of the d and t masses, it is possible to expect that the errors of such an approach are not significant. The calculation of the 〈σV〉 values for the dd reaction were also performed according to eq 13 by using the energy distributions P(E) from our simulations [such as P(E) of Figure  5 ]. The dependence of these 〈σV〉 values on the cluster size is presented in Figure 7 , together with the 〈σV〉 values of the thermal distribution for the same average energy E av . For the Coulomb explosions of both (C 4+ D 4 + ) n at a laser intensity of I ) 10 18 W cm -2 ( Figure 7a ) and (C 6+ D 4 + ) n at I ) 10 19 W cm -2 (Figure 7b ), the products of the Coulomb explosion of clusters exhibit a lower reaction efficiency than the thermal gas with the same E av value, because of the absence of the thermal "tail". The advantage of the thermal energy distribution as compared with the energy distribution of the Coulomb-exploding clusters diminishes for large clusters with high average energy.
For example, in the case of the cluster with radius R 0 ) 42.9 Å, subjected to the laser intensity I ) 10 19 W cm -2 (E av ) 11 keV), 〈σV〉 ) 2.7 × 10 -19 cm 2 s -1 (Figure 7b) . A 33% higher value is produced by the thermal distribution 〈σV〉 ) 3.6 × 10 -19 cm 2 s -1 . In the case of a smaller cluster with R 0 ) 25.2 Å and E av ) 3.76 keV, the thermal 〈σV〉 value is 2.5 times larger than the 〈σV〉 value provided by the Coulomb-exploding clusters. When the energy distribution is narrow (Figure 4a ), the 〈σV〉 value for the Coulomb-exploding (C 4+ D 4 + ) n cluster is well fit by the 〈σV〉 value of the monoenergetic distribution with ) 1.2 and γ ) 0.8 (Figure 7a ). When the energy distribution is broad (Figure 4b) , the 〈σV〉 value for the Coulomb-exploding (C 6+ D 4 + ) n cluster is well fit by the 〈σV〉 of the Gaussian (eq 22) for the same and γ parameters but with a finite width θ ) 0.6 (Figure 7b) .
Using the fusion parameters obtained for the methane cluster ( Figure 7) we can estimate the dd reaction yield Y per laser pulse from the relation 4, 6 where R is the reaction rate (eqs 12 and 13) , N is the number of deuterons in the reaction volume V r , l h is the mean path of deuterons inside the reaction volume, and V j is the average velocity of the reactive deuterons. Adopting the experimental conditions of the Lawrence Livermore group, 3,4 the following parameters were used: deuteron density F r ) 2 × 10 19 cm -3 , number of deuterons N ) 1.2 × 10 15 , and mean free path l h ) 0.016 cm. 6 The velocity was identified with the maximum energy E M . 6 In the case of the maximum cluster size used herein (R 0 ) 42.9 Å) and laser intensity I ) 10 19 W cm -2 (E av ) 11 keV and E M ) 20.5 keV), the velocity is V j ) 1.4 × 10 8 cm s -1 , and the fusion parameter is 〈σV〉 ) 2.7 × 10 -19 cm 2 s -1 ( Figure  7 ). Substituting these values into eqs 12 and 25, we obtain Y ) 3.7 × 10 5 for the neutron yield. In the experiments with deuteron clusters, 3 the yield was significantly smaller, i.e., less than 10 4 . Our theoretical analysis again demonstrates the enhancement of NFDCE of heteronuclear deuterium-containing clusters. Our estimates of the nuclear fusion rates and yields consider an ensemble of heteroclusters of identical size. In the NFDCE experiments, 3,4 the ensemble of clusters corresponds to a distribution of different cluster sizes, which affects the energetics of the product nuclei and the fusion rates. 35, 36 To make contact with experimental reality, our results have to be averaged over this inhomogeneous distribution of cluster sizes.
VI. Concluding Remarks
From the point of view of NFDCE, the important advantages of heteronuclear clusters involve two classes of effects: (i) energetic effects, with the heavy multielectron ions driving the light ions (nuclei), such as d or t, to considerably higher energies than for homonuclear clusters of the same size, and (ii) kinematic effects (for η > 1), which are manifested by a marked highenergy maximum in the energy spectrum near E M that is missing in the spectrum for homonuclear clusters. 5, 6 Simulations of the ionization and Coulomb explosion of the methane clusters were performed for two laser intensities, I ) 10 18 and 10 19 W cm -2 , that ionize the carbon atom to C 4+ and C 6+ (carbon nucleus) levels, respectively. In the cluster size domain considered herein, R 0 e 43 Å, the energies of both D + and C k+ ions increase proportionally to R 0 2 ( Figure 3) , which indicates the validity of the vertical ionization description (eqs 9 and 10). The maximum cluster size, R 0 ) 42.9 Å, provides high-energy deuterons, i.e., E av ) 11 keV and E M ) 20.4 keV for I ) 10 19 W cm -2 . Such deuterons contribute significantly to the fusion reaction, provid- 
ing a fusion parameter as large as 〈σV〉 ) 2.7 × 10 -19 cm 3 s -1 ( Figure 7 ) and a reaction yield of Y ≈ 4 × 10 5 . The efficiency of nuclear fusion depends not only on the average energy E av of the colliding nuclei but also on the energy spectrum. 19, 23, 38 In the case of NFDCE, the energy spectrum of ions (nuclei) manifests a maximum energy onset E M (Figures 2  and 4) , in contrast to the thermal distribution with its highenergy "tail". Because of this "tail", the thermal gas provides higher (in the limits of 30-250%) fusion parameters 〈σV〉. Consequently, higher fusion reaction yields are expected for the thermal gas than for the NFDCE with the same average energy of particles (Figure 7) , at least in the energy domain where the reaction cross section σ increases steeply with the energy. Because of the presence of the maximum energy onset for the NFDCE, the energy spectrum of the ions produced by Coulomb explosion can be approximately described by a Gaussian function. Applying such an approach, one can determine the fusion parameter 〈σV〉 by using eqs 16 and 23 and the G function of Figure 5 . When the energy spectrum exhibits a sharp maximum, e.g., the case of heteronuclear clusters with a kinematic parameter η > 1 (Figures 2 and 4) , it is possible to use the monoenergetic G function, which is expressed analytically by eq 21. Because of the high-energy maximum in the energy spectrum, marked enhancements of the fusion parameter and the neutron yield is then expected as a result of kinematic effects.
A search for nuclear fusion reactions involving C 6+ that can be induced by the NFDCE is of considerable astrophysical interest. 22, 23, 41, 42 According to our simulations, C 6+ carbon nuclei are produced by Coulomb explosion of methane clusters (CA 4 ) n (A ) H, D, T) at a laser intensity of I ) 10 19 W cm -2 . The energy of the carbon nuclei is considerably higher than that of light A nuclei, for example, E av ) 84 keV and E M ) 112 keV in the case of the maximum cluster size R 0 ) 42.9 Å considered herein (Figure 3b) . Such an average energy corresponds to the effective temperature of T ≈ 10 9 K, which leads, in stellar interiors, to the synthesis of heavy elements provided by 12 C 6+ + 12 C 6+ fusion. 22, 41 However, because of the limited, E e E M , energy distribution of the 12 C 6+ Coulomb explosion products and the short overall reaction time (∼100 ps 3, 4 ), the detection of 12 C 6+ + 12 C 6+ fusion in NFDCE experiments cannot be realized in real life. The minimal energy in a laboratory frame for which 12 C 6+ + 12 C 6+ reaction cross sections are available 41 is 5 MeV, which, according to our scaling laws, can be realized for the Coulomb explosion of very large (CD 4 ) n clusters with radii of R 0 ≈ 300 Å. Rough estimates performed for the reaction volume and particle density of the Lawrence Livermore experiments 3,4 result in the negligible reaction yield of Y ≈ 10 -18 per laser pulse at this 12 C 6+ energy of 5 MeV. Thus, the NFDCE of two moderately heavy nuclei, e.g., 12 C 6+ , cannot be realized. The situation looks more promising if one considers the 12 C-(p,γ) 13 N reaction, which is of importance in the CNO cycle in hot stars. 22, 23, 42 This reaction can be realized by the Coulomb explosion of (CH 4 ) n clusters. We used eq 15 for the 12 C 6+ + 1 H + fusion reaction with the appropriate S and A parameters 42 for the estimates of the reaction yields. For the reaction volume and particle density of NFDCE experiments, 3,4 the reaction yield per laser pulse was estimated to be Y ≈ 115 for a proton energy of E ) 150 keV. Extrapolating the results of our simulations performed for (CD 4 ) n and (CH 4 ) n clusters for a laser intensity of I ) 10 19 W cm -2 (Figures 1a and 3a) according to the E M ∝ R 0 2 scaling law, we found that the H + energy of ∼150 keV can be provided by Coulomb explosion of (CH 4 ) n clusters with a radius of R 0 ≈ 120 Å. It thus appears that some nuclear fusion reactions of heavier nuclei, e.g., 12 C(p,γ) 13 N, can be explored by NFDCE, providing information on the cross section and dynamics of elemental nuclear processes in astrophysics.
